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In this paper we study the existence of Gorenstein injective envelopes and
Gorenstein projective and flat covers in the category of graded modules and we
relate them with the corresponding envelopes and covers in the category of
modules. Q 1999 Academic Press
INTRODUCTION
Graded commutative rings are a classical topic in commutative algebra.
In recent years there has been considerable interest in various aspects of
Ž w x.graded noncommutative rings cf. 17 . Certain results on fixed subrings of
a ring with automorphisms have been shown to be easily obtained from the
induced graded structure. On the other hand, the so-called strongly graded
rings were investigated by Dade and the results were applied to the study
of representations of a group H related to a normal subgroup N of H.
Moreover, graded noncommutative rings appear in a natural way in the so
called noncommutative algebraic geometry.
The homological theory of graded rings is very important because of its
Ž w x .applications in algebraic geometry cf. 13 and its references .
w xIwanaga]Gorenstein rings are defined in 14 as noetherian rings on both
Žsides and with finite self-injective dimension on both sides too in the case
of commutative rings, this definition of a Gorenstein ring coincides with a
.Gorenstein ring of finite Krull dimension, originally defined by Bass .
Their importance is due to the fact that a relative homological theory can
Ž w x.be developed for them cf. 7, 9 .
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w xThe corresponding theory for graded rings was developed in 1, 2 , where
Gorenstein gr-injective, gr-projective, and gr-flat modules were introduced.
Now, in this paper we study the existence of envelopes and covers by these
classes of graded modules. This is secured in the case of gr-Gorenstein
Ž w x.rings cf. 1 . But we are also interested in another problem: to relate
envelopes and covers in the category of graded modules, whose existence is
studied in this paper and envelopes and covers in the category of modules
w xobtained in 10, 12, 11 .
In the first section we recall some basic notions in graded rings and
modules and other results about gr-Gorenstein rings which are necessary.
In Section 2 we obtain the existence of Gorenstein gr-injective en-
velopes in the case of gr-Gorenstein rings, Theorem 2.4. The relation
between the envelopes in the category of modules and graded modules is
given in Theorem 2.9, where it is said that if R is a graded by a finite
< <group G, with G invertible in R and R is gr-Gorenstein, then any graded
R-module M has a Gorenstein gr-injective preenvelope in the category of
graded modules if and only if M has a Gorenstein injective preenvelope in
the category of modules.
w xIn Section 3 we treat Gorenstein gr-projective covers. In 3 Auslander
and Buchweitz studied the existence of Gorenstein projective precovers.
We obtain the existence of this kind of covers in the context of commuta-
tive gr-Gorenstein rings which are sums of gr-local complete graded rings.
This is the case of Theorem 3.9. The relation is given in Theorem 3.12.
In the last section we show that not every graded module over a
gr-Gorenstein ring has a Gorenstein gr-projective cover. Therefore it is
interesting to study the existence of Gorenstein gr-flat covers. This is done
in Theorem 4.11.
1. PRELIMINARIES
ŽAll rings considered are associative with identity element and the left or
.right R-modules are unital. By R-Mod we will denote the Grothendieck
category of all the left R-modules. Let G be a multiplicative group with
neutral element e. A graded ring R is a ring with identity 1, together with
Ž .a direct decomposition R s [ R as additive subgroups such thatss g G
R R : R for all s , t g G. Thus R is a subring of R, 1 g R , and fors t st e e
every s g G, R is an R -bimodule. R is said to be strongly graded ifs e
R R s R . A left graded R-module is a left R-module M endowed withs t st
an internal direct sum decomposition M s [ M , where each M is as ss g G
subgroup of the additive group of M such that R M : M for alls t st
COVERS OVER gr-GORENSTEIN RINGS 439
s , t g G. For M and N graded left R-modules, we put
<Hom M , N s f : M “ N f is R-linear and f M : N ;s g G . 4Ž . Ž .R -gr s s
Ž .Hom M, N is the group of all morphisms from M to N in theR -gr
Žcategory R-gr of all graded left R-modules gr-R will denote the category
.of all graded right R-modules . It is well known that R-gr is a Grothendieck
Ž w x.category see 17 . An R-linear map f : M “ N is said to be a graded
Ž .morphism of degree t , t g G, if f M : M for all s g G. Gradeds st
Ž Ž .morphisms of degree t build an additive subgroup HOM M, N ofR t
Ž . Ž . Ž .Hom M, N . Then HOM M, N s [ HOM M, N is a gradedR R R tt g G
abelian group of type G. We will denote Ext i and EXT i as the rightR - gr R
derived functors of Hom and HOM , respectively.R - g r R
The forgetful functor U : R-Gr “ R-Mod associates to M the underly-
ing ungraded R-module. This functor has a right adjoint F which associ-
Ž . Žs .ates to M g R-Mod the graded R-module F M s [ M wheres g G
s s 4each M is a copy of M written x : x g M , with R-module structure
t st Ž .defined by r ) x s rx for each r g R . If f : M “ N is R-linear thens
F f : F M “ F NŽ . Ž . Ž .
Ž .Žs . s Ž .is a graded morphism given by F f x s f x . Separable functors and
w xseparability of U and F are studied in 18 .
The injective objects of R-gr will be called gr-injective modules. Projec-
Žtive objects of R-gr are nothing but graded objects which are projective as
.ungraded objects . We will denote the gr-injective dimension of a graded
Ž . Ž .module M by gr-id M , and pd M will denote the projective dimension
of M.
w xFrom 1 we recall that R is gr-n-Gorenstein ring if R is left and right
gr-noetherian and if it has finite self gr-injective dimension on either side
less than or equal to n. We will say that R is gr-Gorenstein if it is
gr-n-Gorenstein for some n. It is clear that any Gorenstein ring is
gr-Gorenstein. Other examples of gr-Gorenstein rings are the group rings
w y1 xof a Gorenstein ring and K x, x , where K is a field. If R is a graded
ring by G where G is a policyclic-by-finite group then R is gr-Gorenstein
if and only if it is Gorenstein. Therefore when R is strongly graded R is
Ž wGorenstein if and only if R is Gorenstein which generalizes 8, Theoreme
x.3.5 .
w xTHEOREM 1.1 1, Theorem 2.8 . Let R be a gr-n-Gorenstein ring and M a
graded left R-module. Then the following statements are equi¤alent:
Ž . Ž .i pd M - ‘
Ž . Ž .ii pd M F n
Ž . Ž .iii gr-id M - ‘
Ž . Ž .iv gr-id M F n.
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By the above, for a gr-n-Gorenstein ring, the class of all graded left
R-modules which have finite projective dimension and the class of all
graded left R-modules which have finite gr-injective dimension are the
same class. We will use L to denote this class. It is easy to check that L is
closed under extensions, graded direct sums and summands, graded direct
products, and graded direct limits.
Let C be a Grothendieck category and let F be a class of objects in C
which is closed under extensions, direct summands, and isomorphisms. For
an object M in C, we recall the definition of F-preenvelope and F-
envelope.
DEFINITION 1.1. Let F : M “ F be a morphism with F g F. The pair
Ž .F, F is called an F-envelope of M if the following conditions are
satisfied:
Ž . Ž X. Ž X. Xi Hom F, F “ Hom M, F “ 0 is exact for any F g F.C C
Ž .ii For any endomorphism f of F with F s f F, f must be an
automorphism of F.
Ž . Ž .In case that F, F verifies i , we say that it is an F-preenvelope.
Dually, we have the notions of F-precovers and F-covers.
2. GORENSTEIN gr-INJECTIVE ENVELOPES
Before starting the study of Gorenstein gr-injective envelopes let us
w xrecall from 1 that M is said to Gorenstein gr-injective if it satisfies the
following
THEOREM 2.1. Let R be a graded gr-Gorenstein ring and M g R-gr. The
following are equi¤alent for M:
Ž . 1 Ž .i Ext M, L s 0 for any L g L .R - gr
Ž .ii There is an exact sequence in R-gr
??? “ E “ E “ E0 “ E1 “ ???1 0
Ž 0 1. Ž .of gr-injecti¤e modules with M s Ker E “ E such that Hom y, ER -gr
lea¤es the sequence exact for any gr-injecti¤e module E.
Ž .iii There is an exact sequence
E “ ??? “ E “ E “ M “ 0ny1 1 0
with E 's gr-injecti¤e.i
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PROPOSITION 2.2. Let L be a class of graded left R-modules closed under
extensions and let 0 “ M “ K “ L “ 0 be an exact sequence in R-gr with
L g L ¤erifying
Ž .i for any exact sequence in R-gr 0 “ M “ K “ L “ 0 with L g L
there exists a commutati¤e diagram
6 6 6 6
0 M K L 0
6 6
f
6 6 6 6
0 M K L 0
Ž . Ž .ii if the two rows are the same exact sequence with f g Hom L, LR -gr
then f is an automorphism of L.
1 Ž .Then Ext L, K s 0 for all L g L .R -gr
w xProof. This is analogous to the ungraded case 10, Proposition 5.2 .
PROPOSITION 2.3. Let R be a graded ring and L a class of graded left
R-modules which is closed under direct limits and direct summands. If for
some graded left R-module M there exists an exact sequence in R-gr 0 “ M “
N “ L “ 0 with L g L , ¤erifying the first condition of the abo¤e proposition,
then there is an exact sequence in R-gr 0 “ M “ N “ L “ 0 ¤erifying the
two conditions of Proposition 2.2.
Proof. The proof is analogous to the ungraded case, but we include it
for completeness.
Let D be the category whose objects are the exact sequences in R-gr,
« : 0 “ M “ N “ L “ 0, with L g L . A morphism from « g D and «
will be given by a commutative diagram:
6 6 6 6
« : 0 M N L 0
6 66 6 6 6
« : 0 M N L 0
We note that « satisfies the first condition of the Proposition 2.2 if and
Ž .only if Hom « , « / 0 for all objects « in D. Also note that D hasD
Ždirect limits since L is closed under direct limits as we noted in the first
.section and since the direct limit functor is exact.
Now let C be the full subcategory of D whose objects are the « such
Ž .that Hom « , « / 0 for all objects « in D. Then C may not have directD
limits, but every directed system in C admits a map into some object of C
Ž .via its direct limit which is in D .
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Now suppose « : 0 “ M “ N “ L “ 0 g C and that we have a mor-
phism
6 6 6 6
« : 0 M N L 0
6 6
g h
6 6 6 6
« : 0 M N L 0
Ž . Ž . Ž . Ž . Ž . Ž .such that Ker g ( g s Ker g , Ker h( h s Ker h , Im g ( g s Im g ,
Ž . Ž . Ž .Im h( h s Im h . Then Im h is a direct summand of L and so, by
Ž . Ž .hypothesis, L g L . Also the sequence 0 “ M “ Im g “ Im h “ 0 is
wexact and it is in C. Now, we can follow an analogous reasoning to 19,
xTheorem 2.2.4 to say that there is an exact sequence which verifies the
two conditions of Proposition 2.2.
THEOREM 2.4. If R is a gr-n-Gorenstein ring, then any graded left
R-module has a Gorenstein gr-injecti¤e en¤elope.
wProof. Let M be a graded left R-module. By the proof of 1, Proposi-
xtion 3.7 , there exists an exact sequence in R-gr, 0 “ M “ K “ L “ 0
1 Ž .where K is Gorenstein gr-injective and L g L . Since Ext L, K s 0R -gr
for all L g L , if 0 “ M “ K “ L “ 0 is exact in R-gr with L g L , then
we have that
1Hom K , K “ Hom M , K “ Ext L, K s 0Ž . Ž . Ž .R -gr R -gr R -gr
is exact and therefore we get a commutative diagram
6
M K
66
KM
which shows that 0 “ M “ K “ L “ 0 verifies the first condition of
Proposition 2.2. As we noted in Section 1, L is closed under direct limits.
Now, by Proposition 2.3, there is an exact sequence in R-gr 0 “ M “ K
“ L “ 0 with L g L satisfying the two conditions of Proposition 2.2, and
so, we get that K is Gorenstein gr-injective.
Now let K be a Gorenstein gr-injective module. Then we have that
1Hom K , K “ Hom M , K “ Ext L, K s 0Ž . Ž . Ž .R -gr R -gr R -gr
is exact, which shows that M “ K is a Gorenstein gr-injective preenve-
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lope. Since 0 “ M “ K “ L “ 0 satisfies the two conditions of Proposi-
tion 2.2, if we consider K “ K, we get a commutative diagram
6 6 6 6
0 M K L 0
6 6
f
6 6 6 6
0 M K L 0
where f is an automorphism, and therefore K “ K is an automorphism,
so we can conclude that M “ K is a Gorenstein gr-injective envelope.
So far we have proved the existence of Gorenstein gr-injective envelopes
for any graded left module over a gr-n-Gorenstein ring. Now we are
interested in relating the Gorenstein gr-injective envelope of a graded
module and the Gorenstein injective envelope of its corresponding module
Ž . w xforgetting the graded structure , whose existence is proved in 10 , but
first, we need some general results.
Ž .Let A and B be Grothendieck categories. We recall that if F, H : A
“ B is an adjoint situation between the functors F and H, we denote by
« : FH “ 1 and h : 1 “ HF the counit and the unit of the adjointB A
situation. Now let C : A and D : B two full subcategories verifying
Ž . Ž .F C : D and H D : C.
PROPOSITION 2.5. If A g A has a C-preen¤elope F : A “ B, then
Ž . Ž . Ž . Ž .F F : F A “ F B is a D-preen¤elope of F A .
Ž .Proof. Let f : F A “ D a morphism in B with D g D. Since F : A
Ž .“ B is a C-preenvelope, there exists g : B “ H D such that the follow-
ing diagram is commutative:
F 6
A B
6 g6Ž .H f hA Ž .H D
Ž . Ž Ž . .If we apply F to the above diagram we get that F g (F s F H f (hA
s f , i.e., the following diagram is commutative,
Ž .F F 6
Ž . Ž .F A F B
6 6f Ž .F g
D
Ž . Ž . Ž .which shows that F F : F A “ F B is a D-preevelope.
PROPOSITION 2.6. In the preceding adjoint situation, let us assume that
Ž .the unit of the adjoint situation ¤erifies that h : Z “ HF Z is an splitZ
Ž .monomorphism for all Z g C. If Y g A is such that F Y g B has a
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h Ž .H FYŽ . Ž . Ž .D-preen¤elope F : F Y “ X, then Y “ HF Y “ H X is a C-preen-
¤elope of Y.
Proof. Let E g C and f : Y “ E. Applying F we get the following
commutative diagram:
F 6Ž .F Y X
6 g6Ž .F f
Ž .F E
Now, if we apply H to the above triangle, we get the following commuta-
tive diagram:
hY6Ž .HF Y Y
6
6
Ž .HF f fŽ .H F
6«E6 6
6Ž .Ž . HF EH X EhŽ .H g E
Ž . Ž .From the above diagram we get that « ( H g ( H F (h s « (E Y E
Ž .HF f (h s « (h ( f s f which gives the desired result.Y E E
PROPOSITION 2.7. Let R be a gr-n-Gorenstein ring graded by a finite group
G. If F : M “ E is a Gorenstein injecti¤e en¤elope in R-mod, with M, E g
R-gr and F is a graded morphism, then F : M “ E is a Gorenstein gr-injec-
ti¤e en¤elope in R-gr.
w xProof. By 1, Theorem 3.10 , the class of graded Gorenstein injective
modules coincides with the class of Gorenstein gr-injective modules. Let
EX be a graded Gorenstein injective module and g : M “ EX a graded
morphism. Then there is a morphism in R-mod h : E “ EX such that
w x X Xh(F s g. By 17, Lemma I.2.1 there exists a graded morphism h : E “ E
such that hX (F s g, which shows that F : M “ E is a Gorenstein gr-
injective preenvelope. Now, let f : E “ E be a graded morphism such that
w xf (F s F. Again by 17, Lemma I.2.1 we get that f is an automorphism in
R-gr, and therefore, F : M “ E is a Gorenstein gr-injective envelope.
Now, we are in a good situation to solve the problem that we proposed
in the Introduction: given M g R-gr, construct a Gorenstein gr-injective
envelope via a known object in R-mod, and conversely, given M g R-mod,
construct a Gorenstein injective envelope via a known object in R-gr using
Ž .the adjoint situation U, F between the categories R-gr and R-mod,
where U is the forgetful functor and F is the right adjoint functor defined
in Section 1.
Ž .PROPOSITION 2.8. i Suppose that R is a gr-n-Gorenstein ring, graded by
a finite group G. If F : M “ E is a Gorenstein gr-injecti¤e preen¤elope in
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Ž . Ž . Ž .R-gr, then U F : U M “ U E is a Gorenstein injecti¤e en¤elope in R-mod.
FŽ . Ž .ii If U M “ E is a Gorenstein injecti¤e en¤elope, then
h Ž .F FM 6 6M FU M F EŽ . Ž .
is a Gorenstein gr-injecti¤e preen¤elope, where h is the unit of the adjoint
Ž .situation U, F .
Ž .iii If M g R-gr, then M has a Gorenstein gr-injecti¤e preen¤elope if
Ž .and only if U M has a Gorenstein injecti¤e en¤elope.
Ž . w xProof. i This is a consequence of 1, Theorem 3.10 and Proposition
2.5.
Ž . w x wii Since U is separable 18, Proposition 2.4 , by 4, Proposition
Ž .x5 b we are in the conditions of Proposition 2.6, so we obtain the desired
result.
Ž . Ž . Ž .iii This is a consequence of i and ii .
< <THEOREM 2.9. Let R be a graded ring by a finite group G with G
in¤ertible in R. Let us also suppose that R is gr-n-Gorenstein. Then, any
graded R-module has a Gorenstein gr-injecti¤e preen¤elope in R-gr if and only
if any R-module has a Gorenstein injecti¤e preen¤elope in R-mod.
Proof. Let M g R-gr and suppose that any R-module has a Gorenstein
FŽ .injective preenvelope in R-mod. Let U M “ E be a Gorenstein injective
hM 6Ž .preenvelope in R-mod. Then, by Proposition 2.8 ii , M FU
Ž .F F 6Ž . Ž .M F E is a Gorenstein gr-injective preenvelope in R-gr.
Conversely, let M g R-mod and assume that any graded R-module has
c
Ž .a Gorenstein gr-injective preenvelope in R-gr. Let F M “ E be a Goren-
Ž .U c 6Ž . Ž Ž .. Ž .stein gr-injective preenvelope. By Proposition 2.8 i , U F M U E
is a Gorenstein injective envelope. Now, let EX be a Gorenstein injective
f
R-module and M “ E a morphism. Then, we get the following commuta-
tive diagram:
« Ž .U cM 6
6
6
Ž . Ž .M UF M U E
6 66
« M
gf«Mf
E
w Ž .xwhere « is the morphism which appears in 4, Proposition 5 a due to theM
Ž w x.separability of F see 18, Corollary 3.7 , and the existence of g is due to
Ž .U c 6Ž . Ž .the fact that UF M U E is a Gorenstein injective preenvelope.
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Remark 1. Although the last result is not true for envelopes, it is
convenient to note its importance since an envelope can be obtained from
a preenvelope by using the argument in Theorem 2.4.
From the above remark and from Theorem 2.9 we get the following
COROLLARY 2.10. Let R be a strongly graded ring by a finite group G with
< <G in¤ertible in R. If R is Gorenstein then any left R-module has a Gorenstein
injecti¤e en¤elope in R-mod m any left R -module has a Gorenstein injecti¤ee
en¤elope in R -mod.e
3. GORENSTEIN gr-PROJECTIVE COVERS
As for Gorenstein gr-injective modules, we can give the following
theorem which characterizes Gorenstein gr-projective modules.
THEOREM 3.1. Let R be a gr-Gorenstein ring and M g R-gr. The follow-
ing are equi¤alent for M:
Ž . 1 Ž .i Ext M, L s 0 for any L g L .R -gr
Ž .ii There is an exact sequence in R-gr
??? “ P “ P “ P 0 “ P1 “ ???1 0
Ž 0 1. Ž .of projecti¤e modules with M s Ker P “ P such that Hom P, yR -gr
lea¤es the sequence exact for any projecti¤e graded R-module P.
Ž .iii There is an exact sequence in R-gr
0 “ M “ P 0 “ P1 “ ??? “ P ny1
with P i's projecti¤e.
In this section all graded modules considered are finitely generated. In
this case a Gorenstein gr-projective module M can be also characterized
i Ž .by EXT M, R s 0 ; i G 1.R
Our aim is to prove the existence of Gorenstein gr-projective covers in
some particular cases. First, we will prove the existence of Gorenstein
gr-projective precovers in the case of a gr-Gorenstein ring.
w xFollowing the notation of 3 , let R be a gr-n-Gorenstein ring and X the
i Ž .category of finitely generated graded R-modules such that Ext M, RR -gr
s 0 ; i ) 0. X is closed under direct summands and if
0 “ M “ M “ M “ 01 2 3
is exact in X and when M and M or M and M are in X, then the third1 3 2 3
one is also in X.
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Let V be the subcategory of finitely generated projective graded R-
modules. By definition, V is a subcategory of X and it is closed under
direct summands. Let us show that V is a cogenerator for X, i. e., any
M g X is embedded in N g V such that the cokernel of this morphism is
also in X.
d0
Let ??? “ P “ ??? “ P “ P “ M “ 0 be a gr-projective resolutionj 1 0
U Ž .of M in X. If for any M g R-gr M denotes HOM M, R , we have thatR
the complex 0 “ MU “ PU “ PU “ ??? is acyclic. Let us prove the0 1
following
LEMMA 3.2. With the abo¤e notation, for any M in X we ha¤e
Ž . Ž U . i Ž .i ; j G 0, K s Ker d satisfy EXT K , R s 0 ; i ) 0.j j R j
Ž . UUii M “ M is an isomorphism of graded modules.
Ž . Uiii If 0 “ L “ Q “ M “ 0 is exact in R-gr with Q finitely gener-
U i Ž U .ated projecti¤e, then L satisfies that EXT L , R s 0 ; i ) 0.R
Ž . UProof. i The P are finitely generated projective graded modules.j
i Ž U .Then these modules satisfy EXT P , R s 0 ; i ) 0. So ;m G 0 we getR j
the natural isomorphisms
EXT i K , R “ EXT iqm K , R ; i ) 0.Ž . Ž .R jym R j
kŽ .Since by hypothesis EXT y, R s 0 for k ) n, it is enough to takeR
i Ž .m G n to conclude that EXT K , R s 0 ; i ) 0, ; j G 0.R j
Ž .ii Let ??? “ P “ P “ M “ 0 be exact, with P finitely gener-1 0 i
Ž . Uated projective. If we apply the functor HOM y, R , we get 0 “ M “R
U U Ž U U .P “ P “ ??? . Let N s Coker P “ P . So0 1 0 1
HOM N , R s Ker HOM PU , R “ HOM PU , RŽ . Ž . Ž .Ž .R R 1 R 2
s Ker P “ PŽ .1 2
Ž U .since P ( HOM P , R when P is finitely generated projective.R
Therefore, we get an exact sequence
HOM N , R “ P “ P “ M “ 0.Ž .R 1 0
In the exact sequence
0 “ MU “ PU “ PU “ N “ 00 1
Ž U U . U Ž U U . U Ž U U .let B s Coker M “ P s P rIm M “ P s P rKer P “ P (0 0 0 0 0 1
Ž U U . Ž U .Im P “ P s Ker P “ N .0 1 1
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Let us consider now the exact sequences
0 “ B “ PU “ N “ 01
and
0 “ MU “ PU “ B “ 00
which give us the exact sequences
0 “ NU “ PUU “ BU “ EXT1 N , R “ 0Ž .1 R
and
0 “ BU “ PUU “ MUU “ EXT1 B , R “ 0Ž .0 R
since PU , PU are projective. In this way we obtain the following commuta-1 0
tive diagram
0 0
6
6
U UU U 16 6 6 6 6Ž .0 N P B EXT N , R 01 R
6 6U UU6 6 6
UUN0 P 6 61 P M 00
66UUM
6
1Ž .EXT B , RR
6
0
1Ž . 2Ž .Now, EXT B, R ( EXT N, R because N has a projective resolutionR R
U U Ž U .in R-gr ??? “ P “ P “ 0 such that B s Ker P “ N . The morphism1 0 1
1Ž .EXT N, R “ M is obtained by the universal property of the kernel andR
it also occurs for M “ MUU , so we get an exact sequence
0 “ EXT1 N , R “ M “ MUU “ EXT2 N , R “ 0,Ž . Ž .R R
Ž U . Ž U . Ž .where N s Coker d s Im d , so, from i in this lemma, we have that0 2
1Ž . 2Ž .EXT N, R s EXT N, R s 0, obtaining the desired isomorphism.R R
Ž . U Ž .iii M s K . From i , we get that the sequence0
pU
UU U U0 “ M “ Q “ L “ 0
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Ž . UU Uis exact. From ii , M ( M and since M g X and Q is projective, we
i Ž U .have that EXT L , R s 0 ; i ) 1. We have to show now thatR
1Ž U .EXT L , R s 0 or, equivalently, that the dual sequenceR
pUUUU UU UUU60 “ L “ Q M “ 0
is again exact, which is clear, because QU ( QUUU , MU ( MUUU , and
UUp s p.
Ž . Ž .Now, combining ii and iii in the preceding lemma, we get that any M
in X is embedded in a finitely generated projective graded module QU , and
that the cokernel of this morphism is isomorphic to LU , which is also in X.
w xThe following theorem is a particular case of 3, Theorem 1.1 .
THEOREM 3.3. Let R be a gr-Gorenstein ring. Then for any finitely
i Ž .generated graded R-module N satisfying Ext N, R s 0 for all big enoughR -gr
i, there exist Y and Y N finitely generated of finite projecti¤e dimension inN
R-gr and X and X N finitely generated in R-gr such thatN
Ext i X , R s 0 and Ext i X N , R s 0 ; i ) 0Ž . Ž .R -gr N R -gr
and the exact sequences in R-gr
0 “ Y “ X “ N “ 0N N
and
0 “ N “ Y N “ X N “ 0.
Proof. This is a consequence of the preceding lemma.
THEOREM 3.4. Let R be a gr-Gorenstein ring. Then any finitely generated
M g R-gr has a Gorenstein gr-projecti¤e preco¤er.
Proof. From the preceding theorem we get an exact sequence in R-gr
Ž .0 “ L “ C “ M “ 0 where C is Gorenstein gr-projective and pd L - ‘.
Now if C is another Gorenstein gr-projective R-module and if we apply
Ž X .Hom C , y to the this exact sequence we getR -gr
0 “ Hom CX , L “ Hom CX , C “ Hom CX , M “ 0Ž . Ž . Ž .R -gr R -gr R -gr
1 Ž X .since Ext C , L s 0, which shows that C “ M is a Gorenstein gr-R -gr
projective precover.
To show the existence of Gorenstein gr-projective covers we first need
some known results. The following proposition can be seen as a graded
version of the Artin]Rees property for noetherian rings.
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PROPOSITION 3.5. Let R be a left gr-noetherian ring and I a graded ideal
generated by a central system composed by homogeneous elements. Then for
any finitely generated graded left R-module M, any graded submodule N of M
and ;s g N there exists t g N such that I tM l N ; I sN.
Proof. Let M, N, and s be as in our hypothesis and let M X be a
maximal graded submodule of M such that M X l N s I sN. This election
makes that MrM X is a gr-essential extension of NrI sN. Let us show that
tŽ X . tthere is some t g N such that I MrM s 0, which gives us that I M l
N ; I SN. It is enough to prove it for s s 1, since in other cases we can
apply the same reasoning to IN, . . . , I sy1N.
From now on we will denote MrM X by M and NrIN will be N. We
have that M is a gr-essential extension of N and that I annihilates N. Let
 4I s Rc q ??? qRc , where c , . . . c is a central system composed of1 n 1 n
homogeneous elements and let us make induction over n to show that if I
annihilates N, then some power of I will make the same with M. Let
Ž .m : M “ M be defined by m m s c m ;m g M. m is a graded morphism1
Ž . Ž .of degree gr c , so Ker m is a graded submodule of M. Since M is1
Ž r . Ž rqk .gr-noetherian there is r g N such that Ker m s Ker m ;k g N, i.e.,
Ž r . Ž r . rIm m l Ker m s 0. Since IN s 0, c N s 0 which implies that N is1
Ž r . Ž r . Ž r . Ž r .contained in Ker m . Therefore N l Im m ; Im m l Ker m s 0
Ž r .and since N is gr-essential in M, then Im m s 0. Let t be the least
natural number such that mt s 0. We have an injective morphism
Ž . Ž ty1. Ž .MrKer m “ Ker m . It will be enough to show that Ker m and
Ž ty1. Ž .Ker m are annihilated by large powers of I. Since c is central Ker m1
is an RrRc -module. N is annihilated by IrRc , so by the induction1 1
Ž .hypothesis Ker m is annihilated by some power of IrRc , since N is1
Ž . Ž .gr-essential in Ker m , and therefore Ker m is annihilated as an R-mod-
ule by I h for some h g N. Now if we consider the morphism
Ž tq1. Ž . Ž t. h Ž tq1. Ž .Ker m rKer m “ Ker m , we have that I Ker m rKer m s 0
h Ž tq1. Ž . p h Ž tq1. h Ž .which implies that I Ker m : Ker m , so I I Ker m : I Ker m
s 0.
From now on, we will suppose that the ring R is commutative. Now, by
using the preceding result and an analogous reasoning in the ungraded
w xcase 5, Lemma 7.15 , we can get the following
PROPOSITION 3.6. Let 0 “ M X “ M “ MY “ 0 be an exact sequence of
finitely generated graded R-modules o¤er a gr-noetherian ring R and let I be
a graded ideal of R. Then the sequence of the I-adic completed graded R-
X Ãg Ãg Y ÃgŽ . Ž . Ž .modules 0 “ M “ M “ M “ 0 is exact.
PROPOSITION 3.7. If R is a gr-noetherian ring and M is a finitely generated
Ãg Ãggraded R-module, then R m M ( M .R
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Proof. It is clear that if I is a graded ideal, then the I-adic gr-comple-
tion commutes with the direct sum. Let F be a gr-free R-module. Hence
Ž .F ( [ R s , with S : G. Thens g S
Ãg Ãg ÃgR m F ( R m R s ( R m R sŽ . Ž .Ž .[ [R R Rž /
sgS sgS
Ãg Ãg Ãg( R s ( R s ( F .Ž . Ž .Ž .[ [
sgS sgS
Now, let M be a finitely generated graded R-module. Then we have the
exact sequence 0 “ N “ F “ M “ 0 exact in R-gr with F gr-free and N
finitely generated, which gives a commutative diagram
g 6 g 6 g 6Ã Ã ÃR m N R m F R m M 0R R R
6 6 6
g ab
dg g g6 6 6 6Ã Ã Ã0 N F M 0
where the upper row is exact. Following an analogous reasoning as in the
w xproof of 5, Lemma 7.15 we get that d is an epimorphism, and since b is
an isomorphism, we have that d is an epimorphism. Since N is finitely
generated, g is also an epimorphism and the lower row is exact from the
above proposition. Now by chasing the diagram we obtain that a is a
monomorphism.
In order to introduce our following result, we recall that a graded ring is
gr-local if it has only a maximal graded ideal.
PROPOSITION 3.8. Let R be a commutati¤e gr-noetherian graded by a
Žfinite group ring. If R is a finite sum of gr-local complete graded rings respect
. Ž i.the M-adic topology, where M is its maximal graded ideal , then lim M s 0a⁄
Ž .for any projecti¤e system of finitely generated graded R-modules M anda
Ž Ž i. .; i G 1 lim denotes the right deri¤ed functors of the in¤erse limit functor .
⁄
Proof. It is enough to consider the case where R is a gr-local complete
graded ring. By the preceding proposition, every finitely generated graded
R-module is complete. Let us prove that MrM nM has finite length
;n G 1. Let
M nM M ny1M M M M
0 s : : ??? : : .n n n nM M M M M M M M
Ž iy1 n . Ž i n .But M MrM M r M MrM M is finitely generated over the gr-
residue field of R and so has finite length. Therefore, M is pseudocompact
in its M-adic topology. Since, any morphism between finitely generated
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w xgraded R-modules is continuous, by 16, Proposition 2 , we obtain that
Ž i.lim M s 0 ; i ) 0.a⁄
Now, we can develop a dual reasoning as in the previous section and
obtain the duals of Propositions 2.2 and 2.3.
THEOREM 3.9. If R is a commutati¤e gr-Gorenstein graded by a finite
group ring which is a sum of gr-local complete graded rings, then any finitely
generated graded left R-module has a Gorenstein gr-projecti¤e co¤er.
Proof. Let M g R-gr. By Theorem 3.3 there exists an exact sequence
Ž .0 “ L “ K “ M “ M “ 0 with K Gorenstein gr-projective and pd L
Ž .- ‘. If 0 “ L “ K “ M “ 0 is exact with pd L - ‘, then we get that
Hom K , K “ Hom K , M “ Hom K , L s 0Ž . Ž . Ž .R -gr R -gr R -gr
is exact, so we can obtain a commutative diagram
6
K M
6 6
K M
By the preceding proposition the projective limit of exact sequences
0 “ L “ K “ M “ 0 with the modules finitely generated is exact.i i
Let us show that lim L has finite graded dimensions. It is enough toi
prove
EXT nq1 A , lim L s 0Ž .R i
for any finitely generated graded R-module A, but note that in this case,
EXT s Ext since A is finitely generated. So following the same reasoning
w xas in 16, Proposition 5 we get the desired result.
Now we can apply the duals of Propositions 2.2 and 2.3 to obtain the
existence of Gorenstein gr-projective covers.
Now we are interested again in relating the graded and the ungraded
cases. The following three results have dual proofs to Propositions 2.7 and
2.8 and Theorem 2.9.
PROPOSITION 3.10. Let R be graded by a finite group G gr-Gorenstein
ring. If F : C “ M is a Gorenstein projecti¤e co¤er in R-mod, with C, M g
R-gr and F a graded morphism, then F : C “ M is a Gorenstein gr-projec-
ti¤e co¤er.
PROPOSITION 3.11. Let R be a graded ring. Then
Ž .i If F : C “ M is a Gorenstein projecti¤e preco¤er of M g R-mod,
Ž . Ž . Ž . Ž .then F F : F C “ F M is a Gorenstein gr-projecti¤e co¤er of F M g R-
gr.
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F
Ž . Ž .ii If F is separable and C “ F M is a Gorenstein gr-projecti¤e
«Ž .U F M6 6Ž . Ž .preco¤er, then U C UF M M is a Gorenstein projecti¤e preco¤er.
Ž .iii If F is separable, then M g R-mod has a Gorenstein projecti¤e
Ž .preco¤er if and only if F M has a Gorenstein gr-projecti¤e preco¤er.
< <THEOREM 3.12. Let R be a graded ring by a finite group G with G
in¤ertible in R. Let us also suppose that R is gr-n-Gorenstein. Then, any
graded R-module has a Gorenstein gr-projecti¤e preco¤er in R-gr if and only if
any R-module has a Gorenstein projecti¤e preco¤er in R-mod.
Remark 2. We note that as in Section 2 the existence of Gorenstein
projective precovers in the categories R-gr and R-mod can be also related
with the category R -mod when the ring satisfies conditions of the theoreme
above and it is strongly graded.
We also note that we can obtain Gorenstein gr-projective covers from
precovers in the cases studied in this section.
4. GORENSTEIN gr-FLAT COVERS
In the section above we have studied the existence of Gorenstein
gr-projective covers. However, we cannot claim they exist in general for
any graded module. For example, let R be a local ring with finite global
w x w xdimension. We can consider the group ring R G . Then R G is a gr-
Gorenstein gr-local ring and Gorenstein gr-projective modules are just
graded projective modules, and therefore Gorenstein gr-projective covers
are just graded projective covers. Although every finitely generated graded
w x Ž .left R G -module has a Gorenstein graded projective cover, this is not
w xtrue for any graded left R G -module, because the existence of graded
w xprojective covers for any graded left R G -module is equivalent to the
existence of projective covers for any left R-module.
Our aim in this section is to show that if R is a graded gr-Gorenstein
ring, then any graded left R-module has a Gorenstein gr-flat cover. The
process of obtaining Gorenstein gr-flat covers is basically the same as in
w x11 . Before studying the existence of Gorenstein gr-flat covers, let us
introduce some results about Gorenstein gr-flat modules and graded
modules which are needed.
Let Q and Z be the rational numbers field and the integer numbers ring
respectively and consider QrZ the quotient ring. It can be graded with the
Ž . Ž .trivial graduation, i.e., QrZ s 0 ;s g G, s / e, and QrZ s QrZ.s e
Then we have the following
DEFINITION 4.1. Let M s [ M be a graded left R-module. Wess g G
q Ž .define the graded right R-module M s HOM M, QrZ .Z
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Remark 3. Note that each homogeneous component of Mq is
HOM M , QrZ s f : M “ QrZ : f M s 0 ;b g G, b / sy1 .Ž .Ž . Ž . 4Z bs
q q Ž .y1Therefore M can be written as M s [ Hom M , QrZ .Z ss g G
It is easy to see that if M g R-gr, then Mqg gr-R.
The following lemmas can be proved immediately as in the case of the
character module of a left R-module.
LEMMA 4.1. 0 “ N “ M “ P “ 0 is a short exact sequence in R-gr if
and only if 0 “ Pq“ Mq“ Nq“ 0 is a short exact sequence in gr-R.
LEMMA 4.2. Let M g R-gr. M is pure in Mqq.
w xWe recall from 2 the following definition.
DEFINITION 4.2. Let M be a graded left R-module. M is called
Gorenstein gr-flat if and only if there is an exact sequence in R-gr
??? F “ F “ F 0 “ F 1 “ ???1 0
of flat left R-modules such that remains exact when the functor E m y isR
Ž 0 1.applied for any gr-injective right R-module E and M s Ker F “ F .
w xBy using an analogous reasoning as in 7, Theorem 5.1 it is proved that
if R is gr-coherent then any M g R-gr has a graded flat preenvelope. Then
we can define right derived functors of m which we will denote by Tor .R i
w xTHEOREM 4.3 2, Theorem 2.10 . Let R be a gr-Gorenstein ring. The
following statements are equi¤alent for any graded left R-module M:
Ž .i M is Gorenstein gr-flat.
Ž .ii There is an exact sequence in R-gr
0 “ M “ F 0 “ F 1 “ ??? “ F n
with each F i flat.
Ž .iii If N is a finitely generated graded R-module, then any homomor-
phism N “ M can be factored N “ C “ M where C is a finitely generated
Gorenstein gr-projecti¤e module.
Ž . ŽŽ . Ž ..iv M ( lim C for some direct system C , f , with C a finitelyi i i i“
generated Gorenstein gr-projecti¤e module for all i.
Ž . Ž .v Tor E, M s 0, ; i G 1 and for all gr-injecti¤e right R-i
module E.
Ž . Ž .vi Tor E, M s 0 for 1 F i F n and for all gr-injecti¤e right R-i
module E.
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Ž . qvii M is Gorenstein gr-injecti¤e.
Ž . Ž . Ž .viii Tor L, M s 0 for all L such that gr-id L - ‘.1
COROLLARY 4.4. Let R be a gr-Gorenstein ring. Then the direct limit of
Gorenstein gr-flat modules is Gorenstein gr-flat. Graded products and graded
direct sums of Gorenstein gr-flat modules are also Gorenstein gr-flat.
Ž .Proof. Since Tor y, M commutes with direct limits and direct sums,i
Ž .apply v of the above theorem to obtain the desired result. Graded
products of Gorenstein gr-flat modules are also Gorenstein gr-flat from
Ž .ii .
PROPOSITION 4.5. Let R be a gr-Gorenstein ring. If M is a Gorenstein
gr-injecti¤e right R-module, then Mq is Gorenstein gr-flat.
Proof. If M is Gorenstein gr-injective, then there is an exact sequence
in gr-R by gr-injective modules
??? “ E “ E “ E0 “ E1 “ ???1 0
Ž 0 1.such that M s Ker E “ E . Then
q q q q1 0??? “ E “ E “ E “ E “ ???Ž . Ž . Ž . Ž .0 1
q Ž q q.is an exact sequence in R-gr of flat modules, where M s Ker E “ E .0 1
We use induction to show that the sequence remains exact when N m yR
is applied, for any graded right R-module N, with finite flat dimension.
w x Ž .Now, if E is a gr-injective module, then by 1, Theorem 2.8 , fd E is finite,
qso M is Gorenstein gr-flat.
wThe following two lemmas have analogous proofs to 11, Lemmas 3.2,
x3.3 .
LEMMA 4.6. Let
0 “ K “ F “ M “ 0
0 “ L “ G “ M “ 0
be exact where F “ M and G “ M are Gorenstein gr-flat preco¤ers of M.
Then G [ K ( F [ L.
LEMMA 4.7. Suppose 0 “ A “ B “ C “ 0 is exact and that both A and
1 Ž .C ha¤e Gorenstein gr-flat co¤ers. Also suppose that Ext H, A s 0 forR -gr
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any Gorenstein gr-flat module A. Then there is a commutati¤e diagram with
exact rows and columns
0 0 0
6 6 66 6 6 6
0 K N L 0
6 6 666 6 6
F0 D G 0
6 6 666 6 6
A0 B C 0
6 6 6
0 0 0
such that D s F [ G and such that F “ A and G “ C are Gorenstein
1 Ž . 1 Ž .gr-flat co¤ers. Moreo¤er, K and L ¤erify Ext H, K s 0, Ext H, LR -gr R -gr
s 0 for any Gorenstein gr-flat module H and hence so does N.
DEFINITION 4.3. A graded left R-module Q is called pure gr-injective if
ba
for every pure sequence in R-gr 0 “ L “ M “ N “ 0 and every graded
homomorphism f : L “ Q, there exists c : M “ Q such that ca s f.
Ž . qLEMMA 4.8. i K is pure gr-injecti¤e for any K g R-gr.
Ž . qii Q is pure gr-injecti¤e if and only if Q is a direct summand of K for
some K g R-gr.
Ž .Proof. i Let 0 “ L “ M “ N “ 0 be a pure sequence in gr-R. Then
0 “ L m K “ M m K “ N m K “ 0R R R
is exact for any K g R-gr. From Lemma 4.1 we get that
q q q
0 “ N m K “ M m K “ L m K “ 0Ž . Ž . Ž .R R R
w xis exact, and therefore, by 17, Proposition I.2.14 ,
0 “ HOM N , Kq “ HOM M , Kq “ HOM L, Kq “ 0Ž . Ž . Ž .R R R
is exact, which shows that Kq is pure gr-injective.
Ž .ii Assume that Q is pure gr-injective. By Lemma 4.2
f
qq0 “ Q “ Q “ Coker f “ 0Ž .
is pure in R-gr, we get that this sequence splits, which shows that Q is a
direct summand of Qqq.
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baqConversely, if K s Q [ H and 0 “ L “ M “ N “ 0 is pure in gr-R
and we consider f : L “ Q, there exists g : M “ Kq, since Kq is pure
gr-injective, such that ga s ff. Let us define c : M “ Q as c s gp ,
where p verifies fp s Id .Q
LEMMA 4.9. If R is gr-n-Gorenstein and M is a pure gr-injecti¤e graded
left R-module, then we ha¤e an exact sequence 0 “ K “ F “ M “ 0 such
that both K and F are pure gr-injecti¤e and F “ M is a Gorenstein gr-flat
co¤er of M.
Proof. Let us show that any pure gr-injective module M has a Goren-
stein gr-flat cover which is also pure gr-injective. Since M is pure gr-injec-
tive, by Lemma 4.8, it is a direct summand of Mqq. Then we have a split
exact sequence
0 “ N “ Mqq“ M “ 0.
q w xFor M , there is an exact sequence by the dual of 3, Theorem 1.1 and
there is an exact sequence in gr-R
0 “ Mq“ H “ L “ 0
such that H is Gorenstein gr-injective and L has finite gr-injective
dimension. Since Lq has finite flat dimension, Lq has finite gr-injective
dimension. By Proposition 4.5, Hq is Gorenstein gr-flat. Now we can get
0 “ Lq“ Hq“ Mqq“ 0.
Ž .By Theorem 4.3 viii we obtain, for any Gorenstein gr-flat module F, that
1Ž . Ž Ž ..q qEXT F, L ( Tor L, F s 0. This means that H is a GorensteinR 1
gr-flat precover of Mqq and therefore it is so for M, since M is a direct
summand of Mqq. Now, if F “ M is a Gorenstein gr-flat cover of M, F is
a direct summand of Hq and hence, F is pure gr-injective. K is also pure
w xgr-injective by following the same reasoning as in 11, Lemma 3.6 .
wThe following lemma has an analogous proof to the ungraded case 11,
xLemma 3.8 .
LEMMA 4.10. Let R be a gr-n-Gorenstein ring and let M ha¤e finite
gr-injecti¤e dimension. Then there is an exact sequence in R-gr
0 “ M “ P “ L “ 0
1 Ž .such that Ext P, H s 0 for any Gorenstein gr-flat module H and whereR -gr
L is Gorenstein gr-flat.
Now we can state the main result of this section.
THEOREM 4.11. Let R be a gr-n-Gorenstein ring. Then e¤ery left R-mod-
ule has a Gorenstein gr-flat co¤er.
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Proof. Before starting the proof, let us remark that Theorem 3.3 can be
proved for any graded left R-module by using the same reasoning as in the
w xungraded case 11, Theorem 2.2 . By this theorem, for any M g R-gr there
is an exact sequence
0 “ L “ C “ M “ 0
such that L has finite dimensions and C is Gorenstein gr-projective. From
Theorem 4.3, we know that any Gorenstein gr-projective module is Goren-
stein gr-flat. Then by the preceding lemma, there exists an exact sequence
0 “ L “ P “ N “ 0
1 Ž .such that Ext P, H s 0 for any Gorenstein gr-flat module H and N isR -gr
Gorenstein gr-flat. Now, if D is the pushout of L “ C and L “ P we get
that D “ M is a Gorenstein gr-flat precover. Then, since by Corollary 4.4
the direct limit of Gorenstein gr-flat modules is Gorenstein gr-flat, apply
w xan analogous reasoning as in 6, Theorem 2.1 .
Remark 4. We can rewrite the results concerning the relation between
the graded and the ungraded cases obtained in Section 3 in terms of
Gorenstein gr-flat covers.
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